ABSTRACT. The class of stationary scrolls essentially coincides with that of projective varieties with degenerate Gauss maps. A stationary scroll sits in a Gaussian or osculating flag consisting of similar scrolls. Here we explore a duality in the class of Gaussian flags.
1
, Akivis, Goldberg and Landsberg present some examples which cast doubt on the Griffiths-Harris assertion when n > 2. Thus, the complete structure or classification of stationary scrolls appear to be an open problem.
Considering that stationary scrolls are necessarily singular, it will be convenient to adopt a slightly more general viewpoint and talk about parametric scrolls: by definition, a parametric scroll consists of a P k -bundle X/B together with a morphism f : X → P N that restricts to a linear isomorphism of a general fibre of X/B with a linear P k in P N . We allow the trivial case k = 0. Parametric scrolls are in injective correspondence with certain 'classifying' morphisms B → G(k, N) (a priori the classifying map is just a rational map but no information is lost by resolving it to a morphism). A parametric scroll is stationary if, for general b ∈ B, the image of the derivative d f on the total tangent space T x X, for all sufficiently general points x on the fibre X b of X/B depends only on b . Thus all parametric scrolls with k = 0 are stationary, while the stationary scrolls with k > 0 correspond exactly to varieties with degenerate Gauss map. Now a stationary scroll X B naturally belongs to a flag (X As the terminology implies, the linear duality relationship is symmetric. This symmetry has some interesting consequences. In particular, note that the fibre dimension of X is N − n − 1 which is zero when X is a hypersurface. Consequently, any hypersurface with degenerate Gauss map and Gauss dimension g is linearly dual to a tangential scroll of base dimension g (and conversely). Thus we get a classification of these hypersurfaces. A similar conclusion holds when some osculating scroll X (i) B is a hypersurface: then X is linearly dual to an osculating stationary scroll.
We will also give some results about the case where the Gauss dimension g = g(X) is small relative to the dimension n = dim(X). Specifically when g(g + 1) ≤ n we will show X is an 'inflation' -explained below-of a cone or tangent developable. Moreover in the extremal case g = 1 we will show that X is a cone over an osculating variety to a curve, or else a cone over a curve, consistently with the Griffiths-Harris assertion.
BASICS ON GAUSS MAPS AND THEIR FIBRES
In this paper we work over C. Till further notice-which will come-X denotes a closed subvariety of P N and γ X : X sm → G(n, N) is its Gauss map. Note that a global vector field δ on P N is induced by the action of the general linear group, which extends to an action on the Grassmannian G compatible with the Plücker emebedding G → P M . Thus we may view δ as a vector field on P n × G that extends to a vector field on P N × P M . Now let F ⊂ X sm be a positive-dimensional component of the fibre of γ X over [A] ∈ G, A being an n-dimensional linear subspace in P N . If a ∈ A then a extends (non-uniquely) to a global vector field δ a on P N , thought of as a derivation, which is everywhere tangent to X along F. 
is also a Plücker coordinate, so this is a contradiction.
For a smooth point x ∈ F, B x = T x F is a subspace of A. We claim that B x is independent of x ∈ F.If not, pick general points x 1 , x 2 ∈ F and a ∈ B x 1 \ B x 2 . Then for a general Plücker coordinate φ vanishing on [A],
) and δ a (φ) is another Plücker coordinate, hence either identically zero or never zero on F.
Consequently the Gauss map γ F is constant so F is (an open subset of) a linear subspace. It also follows that pushing F out in the direction δ a using the 1-parameter subgroup exp(tδ a ) in PGL N , F not only remains contained within X-this much is clear from the fact that δ a is tangent to X along F-but in fact it remains a fibre of γ X to first order. Now the argument above can be repeated: if δ a 1 , ..., δ a r are vector field extensions of arbitrary a 1 , ..., a r ∈ A, then δ a 1 ...δ a r (φ) is again a Plücker coordinate (or zero), hence constant on F. In particular, taking a 1 = ... = a r = a, the orbit of F under the 1-parameter subgroup exp(tδ a ) is tangent to X to order r along F. Moreover pushing out F on X infinitesimally to any order, it remains a fibre of γ X (this is obvious if F is proper). This proves the following result which was implicit in [4] : Proposition 1. If the Gauss map γ X has a positive-dimensional fibre not contained in the singular locus of X, then γ X is not generically finite.
Remark. The method of [4] shows that a fibre F cannot contain any proper curve. Therefore F is an open subset of the complement of a nonempty hypersurface in some linear subspace. This appears to be a well-known fact [2] .
Example. In the P 5 of plane conics, let X be the hypersurface consisting of line-pairs, whose singular locus is the Veronese surface V of double lines. At a point L 1 + L 2 ∈ X \ V, the tangent hyperplane to X is the set of conics through L 1 ∩ L 2 . Hence a fibre of the Gauss map is the set of all pairs of distinct lines through a fixed point, which is a P Notice: Since we now know that a stationary scroll is a union of a family of linear spaces, it is convenient to switch to a parametric view point and henceforth work with a parametric (immersed) stationary scroll, which by definition consists of a map from an irreducible variety c : B → G(k, N), k ≥ 0, such that the the natural map from the induced P k -bundle f : X B → P N maps generically finitely and linearly on fibres to its image in P N and that the image of the derivative d x f is independent of x as x varies in some dense open subset of a general fibre of X B /B.
CONSTRUCTIONS FOR STATIONARY SCROLLS
This is from [2] .
This is clearly a Gaussian scroll asT X,x doesn't change as x moves generally in a fixed span < p 0 , ..., p r >. Note that cones are a special case of joins.
Tangential (developable) and osculating varieties.
For a variety Y ⊂ P N , the closure X of the union of its embedded tangent spaces at smooth points is a Gaussian scroll becauseT X,x doesn't change as x varies generally in a fixedT Y,y . Thus the Gauss deficiency of X is at least dim(Y). We can similarly construct Gaussian scrolls asT 
2.3.
Inflation. This is a slight generalization of the 'band' construction in [2] . Let X 0 = b∈B P k b be a Gaussian scroll with Gauss deficiency k and suppose for each b ∈ B we are given an inclusion P
and assume X is a scroll, which will be the case for general choices provided ℓ − k < N − dim(X 0 ).. Then I claim X is also a Gaussian scroll. Indeed for x ∈ P ℓ b , we can write with general choices
where by fixing the p i and varying the α i , x fills up
, where the t j are coordinates on B, and this remains constant if α 0 , ..., α k are varied, thanks to X 0 being Gaussian. Note that the Gauss deficiency of X is at least equal to that of X 0 . X is called an inflation of X 0 .
GAUSSIAN FLAGS, DUALITY
Let f : X B → P N be a stationary scroll of dimension n. For general b ∈ B and general x ∈ X b ≃ P k , the embedded tangent spaceT f (x) f (X B ) depends only on b. It is easy to see, e.g. by choosing a section, that assigning b to this tangent space yields a rational map B · · · → G(n, N). After a suitable base-change, we may assume this map is a morphism, so it corresponds to a scroll that we denote by X (1) B and call the relative tangent scroll corresponding to the stationary scroll X B . This is the scroll denotedT X in the previous section-the present notation is more convenient for (relative) flags. Note that as in §2.2, X
(1) B is itself stationary. Therefore this construction may be repeated, yielding osculating scrolls X ( j) B as long as they don't map onto P N . This yields a flag of scrolls over B, called the osculating or Gaussian flag associated to the stationary scroll X B :
where ℓ is largest so that X (
the terminology is chosen to avoid confusion with dual variety for any stationary scroll Y B , is the same as the proof of the 'double duality' theorem the 'absolute' case (see [3] , (3.12) p.397).
Now for a stationary scroll X/B with osculating flag X
•)
B let n i be the dimension of the image of X 
Corollary 4.
Let X be a stationary scroll of Gauss dimension g such that X (resp. the i-th osculating scroll of X) is a hypersurface. Then X is linearly dual to a tangential scroll (resp.
More generally, Corollary 5. Let X be a stationary scroll of Gauss dimension g in P N such that the i-th osculating scroll of X has dimension g + m < N. Then X is linearly dual to the ith osculating of a stationary scroll of dimension g + N − m − 1 and Gauss dimension ≤ g.
Coming back to Corollary 4, a general stationary scroll of Gauss dimension g and dimension n in P N may be projected generically to a stationary hypersurface scroll π(X) of Gauss dimension g in P n+1 . Then that tangent scroll π(X) (1) is linearly dual to a gdimensional subvariety ofP n+1 and π(X) ⊥ is the tangent scroll of the latter. Since projection is linearly dual to taking linear space section, we conclude Corollary 6. If X is an n-dimensional stationary scroll of Gauss dimension g then the section of X ⊥ by a general (n + 1)-dimensional linear subspace inP N is a tangent scroll of a g-dimenional variety.
Example 7. In P 5 = P(Sym 2 (C 3 )), i.e. the space of conics in P 2 , let X be the Segre cubic primal consisting of all reducibles (line-pairs). It has Gauss dimension 2, and is linearly dual to the tangent scroll of the Veronese (2-uple embedding of P 2 ). X is also the tangent scroll of the dual Veronese of double lines. Proof. Note to begin with that a rank-r subsheaf of V ⊗ L that is generically contained in V 0 ⊗ L where dim(V 0 ) = r saturates to V 0 ⊗ L. Consequently we may cut X down and assume it is a curve, then normalize and assume it is nonsingular. Then the saturation of im(i) has the form E ⊗ L where E is a rank-r subbundle of the trivial bundle V ⊗ O X . Now E corresponds to a morphism f of X to the Grassmannian G(r, V) and − det(E) is the pullback of the ample Plucker line bundle, while the drop-rank locus of i, i.e. the zero-locus of ∧ r i, must be numerically equivalent to det(E ⊗ L) = det(E) + rL. Thus
i.e. det(E) is nef. Consequently det(E) is numerically trivial so f is constant and
The converse is trivial.
Classically, the focal locus of a scroll with their 'consecutive' , i.e. the ramification locus of the natural map
Then the Lemma shows:
Corollary 9. For a scroll of fibre dimension k, if the focal locus meets each fibre in a hypersurface then the degree of the hypersurface is at most k with rquality iff the scroll is stationary.
Theorem 10. Let X be a stationary scroll of dimension n and Gauss dimension g with g(g + 1) ≤ n. Then X is an inflated cone or inflated tangent scroll.
Proof. Let L = P n−g b be a general fibre of the Gauss map. The normal map
there is a point p ∈ L where ν vanishes. Viewing p = p(t) as describing a section S over B as t varies, we get that ∂ p/ ∂ t i ∈ L, ∀i where the t i are local coordinates on B (the partials are well defined mod p). This means L containsT p S , so X is an inflated cone (if p(t) is constant) or tangential variety (otherwise).
Corollary 11. Let X B be a nondegenerate stationary scroll of Gauss dimension g and codimension c in P N , such that g(g − 1) < c. Then X B is a subscroll of the linear dual to a tangent scroll of a variety of dimension g or less.
Proof. Note that if the scroll X/B ⊂ P N has dimension n and base dimension g then X ⊥ has dimension g + (N − 1 − n + g) = 2g + c − 1. Then our conclusion follows by duality from Theorem 10 by noting that the linear dual of a nondegenerate variety cannot be a cone.
In case g = 1, Theorem 10 can be sharpened, a result already known to Griffiths and Harris:
Proposition 12. A variety with 1-dimensional Gauss image is an osculating variety to a curve or a cone over such.
Proof. The proof is by induction on n. Using notation as above, the zero-set of ν is a hyperplane L 0 ⊂ L = P n−1 b . Let X 0 be the n − 1-fold swept out by these hyperplanes as b varies. Then for x ∈ L 0 general, clearlyT X 0 ,x = L so X 0 is again a stationary scroll (or a curve, if n = 2). So by induction we can write Remark 13. Curiously, it follows from the above that the linear dual of an osculating scroll to a curve is also an osculating scroll to a curve: however this is well known and follows from the existence of a (classical) dual (not linear dual) curveX ⊂P N which for X nondegenerate is just the locus of (N − 1)st osculating hyperplanes.
Remark 14. The 'conjugate spaces' construction in [2] shows that for general g analogues of Theorem 10 or Proposition 12 are not available.
